Received: June 9, 1998, Accepted: July 29, 1998

HYPER VERSION

Probability amplitudes for charge-monopole scattering

Saulo Carneiro

Instituto de Física, Universidade Federal da Bahia 40210-340, Salvador, BA, Brasil E-mail: saulo@fis.ufba.br

Abstract: In this letter we quantize a previously proposed non-local lagrangian for the classical dual electrodynamics [4], showing how it can be used to construct probability amplitudes. Our results are shown to agree with those obtained in the context of Schwinger and Zwanziger formulations, but without necessity of introducing strings.

Keywords: Duality in Gauge Field Theories, Solitons Monopoles and Instantons.

In spite of the remarkable role that magnetic monopoles have played in particle physics along the years as elementary particles in abelian dual electrodynamics [1] or topological solutions of non-abelian unified theories [2], a quantal approach for the interaction between charges and poles has been always a challenging open problem, due to two different difficulties [3]: the non-perturbative character of the charge-pole interaction; and the absence of a complete lagrangian formulation, connected to the impossibility of introducing regular 4-potentials.

In a previous work [4, 5], a covariant and gauge-invariant, manifestly dual, non-local lagrangian formalism has been reported, leading to the complete set of dual electromagnetic equations, without necessity of any subsidiary condition or constraint on the particles motion. Now, dismissing the problem of the non-perturbative value of the magnetic charge, we quantize such an approach, constructing an invariant perturbative theory for the charge-monopole interaction.

The referred non-local lagrangian, obeying a saddle-point action principle, has the interaction sector L_{int} = −j_μA^μ + g_μÃ^μ , (1)

where j^μ and g^μ are, respectively, the electric and magnetic 4-currents, and the nonlocal potentials A^μ and Ã^μ are defined by

A^μ = A^μ + 1 2 ϵ^{μγαβ} ∫_x P ∂_αÃ_β dξ_γ , (2)

Ã^μ = Ã^μ − 1 2 ϵ^{μγαβ} ∫_x P̃ ∂_αA_β dξ_γ . (3)

Here, A^μ and Ã^μ are the local potentials of Cabibbo and Ferrari [6], defined, in terms of the field strength, by

F^{μν} = ∂^μA^ν − ∂^ν A^μ − ϵ^{μναβ} ∂_αÃ_β (4)

and obeying, in Lorenz’s gauge, the wave equations [7]

∂^ν ∂_ν A^μ = −j^μ , (5)

∂^ν ∂_νÃ^μ = −g^μ . (6)

The interaction operator corresponding to (1) is given by [4] V = − ∂S^e_{int} ∂t + ∂S^g_{int} ∂t = ∫ d^3x (j_μA^μ + g_μÃ^μ) , (7)

where S^{e,g}_{int} stand for the charge and monopole interaction actions, respectively. So we have, for the scattering matrix,

S = T exp { −i ∫ d^4x (j_μA^μ + g_μÃ^μ) } . (8)

Expanding in powers of e and g, the electric and magnetic charges, the first non-diagonal contribution is the second order one

S^{(2)} = − 1 2 ∫ ∫ d^4x d^4x^′ {T [j^μ(x)j^ν (x^′)]T [A_μ(x)A_ν (x^′)] + + T [g^μ(x)g^ν (x^′)]T [Ã_μ(x)Ã_ν (x^′)] + 2T [j^μ(x)g^ν(x^′)]T [A_μ(x)Ã_ν (x^′)]} (9) The first and second terms correspond, respectively, to charge-charge and pole-pole scatterings. In the first case, we can use gauge invariance to put Ã^μ = 0^{[9]} and to introduce the photon propagation function D_{μν} (x − x^′) = i⟨0|T A_μ(x)A_ν (x^′)|0 >= i < 0|T A_μ(x)A_ν (x^′)|0⟩ (10) and, in the second case, putting A^μ = 0 we can use the propagation function D̃_{μν} (x − x^′) = i⟨0|T Ã_μ(x)Ã_ν (x^′)|0⟩ = i⟨0|T Ã_μ(x)Ã_ν (x^′)|0⟩ (11) leading to a pole-pole interaction completely analogous to the charge-charge one.

The last term in (9) corresponds to the charge-monopole scattering and suggests the introduction of the mixed propagation function C_{μν} (x − x^′) = 2i⟨0|T A_μ(x)Ã_ν (x^′)|0⟩ . (12) This allows us to write the scattering amplitude in the form M = eg(ū_gγ^μu_g)C_{μν} (ū_eγ^ν u_e) , (13) where u_g and u_e are, respectively, the pole and charge amplitudes.^1

It is easy to see that < 0|T A_μ(x)Ã_ν (x^′)|0 >= 0, due to the fact that A^μ and Ã^μ describe photons with opposite parities.^2 Thus, using (2) and (3) we obtain, from (12), C_{μν} (x − x^′) = iϵ_{μγαβ} < 0|T Ã_ν(x^′) ∫_x P ∂^αÃ^β dξ^γ |0⟩ − −iϵ_{νγαβ} ⟨0|T A_μ(x) ∫_x′ P̃ ∂^αA^β dξ^γ |0⟩ . (14) Remembering that, in the classical limit, P (P̃ ) coincides with the charge (pole) world-line between ξ = −∞ and ξ = x (x^′), it is a straightforward calculation to verify that, in (14), the chronological ordering operator T commutes with the integral and derivative operators. Then, we have C_{μν} (x − x^′) = iϵ_{μγαβ} ∫_x P dξ^γ ∂^α_ξ ⟨0|T Ã_ν(x^′)Ã^β(ξ)|0⟩ − −iϵ_{νγαβ} ∫_x′ P̃ dξ^γ ∂^α_ξ ⟨0|T A_μ(x)A^β (ξ)|0⟩ = ϵ_{μγαβ} ∫_x P dξ^γ ∂^α_ξ D̃^β_ν (x^′ − ξ) − ϵ_{νγαβ} ∫_x′ P̃ dξ^γ ∂^α_ξ D^β_μ (x − ξ) = ϵ_{μγαβ} ∫_{x−x}′ P dξ^γ ∂^α_ξ D̃^β_ν (ξ) − ϵ_{νγαβ} ∫_x′_{−x} P̃ dξ^γ ∂^α_ξ D^β_μ(ξ) (15)

1To fix ideas, we are considering charge and pole as 1/2-spin particles.

2Actually, this reasoning is not necessary: by fixing the gauges A^μ = 0 or Ã^μ = 0, this expectation value vanishes trivially.

Thus, we can write the mixed propagator in terms of the propagators (10), (11) as C_{μν} (x) = ϵ_{μγαβ} ∫_x P dξ^γ ∂^α_ξ D̃^β_ν (ξ) − ϵ_{νγαβ} ∫_{−x} P̃ dξ^γ ∂^α_ξ D^β_μ (ξ) . (16)

Once more, we can use the gauges A_μ = 0 or Ã_μ = 0 in order to obtain, respectively, C_{μν} (x) = ϵ_{μγαβ} ∫_x P dξ^γ ∂^α_ξ D̃^β_ν (ξ) (17) and C_{μν} (x) = −ϵ_{νγαβ} ∫_{−x} P̃ dξ^γ ∂^α_ξ D^β_μ (ξ) . (18)

We see that the mixed propagator (and then the amplitude (13)) is a non-local quantity, depending on the integration paths P and P̃ . Nevertheless, this non-locality, like in the classical case, will be shown non-observable when we calculate observable quantities like |M|^2 and the scattering cross section.

Indeed, these observables can be obtained if we calculate, from (17), the local quantity^3 ∂_λC_{μν} (x) = ϵ_{μλαβ} ∂^αD̃^β_ν (x) (19) Then we see that the mixed propagator obeys the equation ∂^λ∂_λC_{μν} = ϵ_{μνλα}[∂^λ, ∂^α]D_F (x) , (20) where we have used D̃^{βν} (x) = g^{βν} D_F (x).^4

In the momentum representation, (19) has the form k_λC_{μν} (k) = ϵ_{μλαβ} k^αD̃^β_ν (k) . (21) Using for the photon propagator D̃^{μν} (k) = 4π k^2 g^{μν} , (22) we have k_λC_{μν} (k) = 4π k^2 k^αϵ_{μνλα} . (23) It is easy to show that using (18) leads to the same result, showing that the exchange of the two kinds of photons present in the theory (the fields A^μ and Ã^μ) gives identical contributions to observable quantities, the two kinds of photons being indistinguishable from the observational point of view. This is related to the fact that, in the classical version of the theory, introducing the additional 4-potential Ã^μ does not change the

3See footnote 2 in [4].

4It is important to remark that the commutator [∂^λ, ∂^α]D_F (x) does not vanish in all space-time, due to the discontinuity of the Feynman propagator D_F (x) at t = 0.

number of independent physical degrees of freedom, due to the presence of extra gauge invariance [9].

From (23) and (13), we can derive

k_λM = eg(ū_gγ^μu_g)k_λC_{μν} (ū_eγ^ν u_e) = 4πeg k^2 k^αϵ_{μνλα}(ū_gγ^μu_g)(ū_eγ^ν u_e) . (24)

Therefore,

|k_λM|^2 = k^2|M|^2 =

32e^2g^2π^2 k^4 U_{μν} U^†_{αβ}k_σk_δϵ^{μνλσ}ϵ^{αβδ}_λ (25) or |M|^2 =

32e^2g^2π^2

k^6 U_{μν} U^†_{αβ}k_σk_δϵ^{μνλσ}ϵ^{αβδ}_λ , (26) where we have introduced

U^{αβ} ≡ (ū_gγ^αu_g)(ū_eγ^βu_e) . (27)

From (26), we see that only the antisymmetric part of U_{μν} and U^†_{αβ} will contribute to |M|^2. A direct calculation leads us to 1 64π^2

|M|^2 = e^2g^2 k^4

U^{[μν]}U^†_{[μν]} , (28)

where U^{[μν]} indicates the antisymmetric part of U^{μν} , and where we have used the transversality conditions k^μj_μ = k^μg_μ = 0, expressing the conservation of the electric and magnetic currents in the momentum representation.

At this point it is interesting to compare our results with those obtained by Diractype string formulations. On the basis of Schwinger’s formalism [10], Rabl [11] derived the gauge-dependent propagator

C^′_{μν} (k) = 4π k^2 ϵ_{μνλα}n^λk^α (n · k) (29)

where n^λ is a fixed but arbitrary 4-vector pointing in the string direction. This propagator was also obtained by Zwanziger [12] in the context of another string-based formulation.^5

Equation (29) can be rewritten as

n^λ(k_λC^′_{μν} ) = n^λ ( 4π k^2 k^αϵ_{μνλα} ) (30)

and, as n^λ is an arbitrary 4-vector, we have k_λC^′_{μν} = 4π k^2 k^αϵ_{μνλα} , (31) which must be compared to (23).

5For a good review on the Schwinger and Zwanziger approaches, see [3].

On the other hand, multiplying (23) by an arbitrary 4-vector n^λ, we can put it in the form C_{μν} (k) = 4π k^2 ϵ_{μνλα}n^λk^α (n · k) . (32)

From (29) and (32) we see that C_{μν} = C^′_{μν} , that is, our mixed propagator is equal to the propagator derived in the Schwinger and Zwanziger formulations.

While equation (16) exhibits the non-local character of the mixed propagator, equation (32) (being dependent on the arbitrary 4-vector n^λ) shows its gauge-dependence [3]. Actually, the relation between non-locality and gauge-dependence is already present in the classical version of the theory: a change of the paths of integration P and P̃ leads only to a gauge transformation of the non-local potentials (2) and (3) [13]. By the way, let us emphasize that it is this property that guarantees the full covariance of the formalism and the strict locality of observables and equations of motion.

Let us calculate the classical limit of the probability (28), obtaining the differential cross section for the elastic, non-relativistic, scattering of an electron by a massive monopole at rest. In the classical limit, the electric and magnetic 4-currents are given by

j^μ = eū_eγ^μu_e = eγ_e(1, ⃗v_e) , (33)

g^μ = gū_gγ^μu_g = gγ_g(1, ⃗v_g) , (34)

where γ_{e,g} = (1 − v^2_{e,g})^{−1/2} stand for the Lorentz factors for the charge and pole, respectively.

By using these currents in (28) we obtain, in the monopole rest frame, 1 16π^2

|M|^2 = e^2g^2v^2_e γ^2_e k^4

, (35)

which leads, in the non-relativistic limit, for a small angle of scattering, to the differential cross section dσ = e^2g^2v^2_e |⃗p|^4θ^4 dΩ , (36)

where ⃗p is the momentum of, say, the incident electron.

This result was originally obtained by Goldhaber in the context of a non-relativistic approach [11, 14]. It can be interpreted as the cross section for the Coulomb scattering of a charge e by a charge gv_e, in accordance with the fact that, in the classical theory, a static charge-pole pair does not interact. By the way, let us note that the dependence on the relative velocity explains the obtainment of (36) in the context of a perturbative expansion, even the magnetic charge being non-perturbative: in this non-relativistic limit, the effective charge gv_e << 1.

Finally, let us briefly comment the question of dyons. The formalism proposed in [4] is invariant only under the discrete dual transformation corresponding to a dual angle of π/2, i.e., the transformation that interchanges the electric and magnetic charges; it is not invariant under a general dual transformation with arbitrary dual angle, what means in particular that our lagrangian is not appropriate to describe elementary dyons.

This is intimately connected to the saddle-point character of the action on which the formalism is based: an elementary particle cannot simultaneously minimize (as an electric charge) and maximize (as a monopole) the action. Of course nothing forbids one to describe dyons as composite systems but, if we want to describe them as elementary ones, some generalization of the theory is needed.

Acknowledgments

I would like to thank Drs. E. Ferrari, J. Frenkel, J.A. Helayel-Neto, E. Recami and F. Rohrlich for usefull discussions and suggestions. My thanks also to Dr. C.O. Escobar for the hospitality in Universidade de São Paulo during the elaboration of this paper and to Prof. N. Andion for the reading of the manuscript.

References

[1] P.A.M. Dirac, Proc. R. Soc. A 133 (1931)60; Phys. Rev. 74 (1948) 817.

[2] G. ’t Hooft, Nucl. Phys. B 79 (1974) 276;

A.M. Polyakov, JETP Lett. 20 (1974) 194; R. Sorkin, Phys. Rev. Lett. 51 (1983) 87; D. Gross and M. Perry, Nucl. Phys. B 226 (1983) 29.

[3] E. Ferrari, Formulations of electrodynamics with magnetic monopoles; in Tachyons, Monopoles and Related Topics, E. Recami ed., North-Holland, 1978.

[4] P.C.R. Cardoso de Mello, S. Carneiro and M.C. Nemes, Phys. Lett. B 384 (1996) 197 [hep-th/9609218].

[5] S. Carneiro, PhD Tesis, Universidade de São Paulo, 1996 (in Portuguese).

[6] N. Cabibbo and E. Ferrari, Nuovo Cim. 28 (1962) 1147.

[7] In reference [4], Maxwell’s equations are obtained by varying the action with respect to the non-local potentials (2) and (3). In a recent paper [8], it has been suggested that varying the action with respect to the local potentials leads to extra terms like

h_μ(x) = 1 2 ϵ_{μγαβ} ∫ d^4y g^γ (y) [∫_y P̃ ∂^α_x δ^4(x − ξ)dξ^β ] . Nevertheless, it is possible to verify that such extra terms are identically null. Indeed, integrating by parts, we can rewrite the above quantity as^6

h_μ(x) = 1 2 ϵ_{μγαβ} ∫ dS^{βλσ} [∫_y P̃_S ∂^α_x δ^4(x − ξ)dξ_λ ] [∫_y P̃_S g^γ (χ)dχ_σ ]

− 1 2 ϵ_{μγαβ} ∫ d^4y [ ∂^α_x δ^4(x − y) ] [∫ y P̃ g^γ (ξ)dξ^β ]

6See footnote 2 in [4].

being P̃_S on the hypersurface at infinity. Clearly, the hypersurface term is null for any finite x and so it does not contribute to the action variation. Using ∫ f(x)δ^′(x)dx = − ∫ δ(x)f^′(x)dx, the remaining term can be written as

h_μ(x) = − 1 2 ϵ_{μγαβ} ∫ d^4y δ^4(x − y) [ ∂^α_y ∫_y P̃ g^γ (ξ) dξ^β ]

= − 1 2 ϵ_{μγαβ} δ^{αβ} ∫ d^4y g^γ (y) δ^4(x − y) = − 1 2 ϵ_{μγαβ} δ^{αβ} g^γ (x) ≡ 0 due to the antisymmetry of ϵ_{μγαβ} . I would like to thank Dr. N. Berkovits for interesting discussions about this point.

[8] N. Berkovits, Phys. Lett. B 395 (1997) 28 [hep-th/9610134].

[9] The field strength (4) is invariant under the generalized gauge transformations

A_μ → A_μ + A^′_μ Ã_μ → Ã_μ + Ã^′_μ

provided A^′_μ and Ã^′_μ satisfy the zero field condition ∂^μA^{′ν} − ∂^ν A^{′μ} − ϵ^{μναβ} ∂_αÃ^′_β = 0 . These gauge transformations generalize the usual ones

A_μ → A_μ + ∂_μΛ Ã_μ → Ã_μ + ∂_μΓ

for which the zero field condition is identically satisfied. As discussed in references [3] and [6], due to this extended gauge invariance, the introduction of the new potential Ã_μ does not increase the number of independent physical degrees of freedom of the electromagnetic field.

[10] J. Schwinger, Phys. Rev. 144 (1966) 1087.

[11] A. Rabl, Phys. Rev. 179 (1969) 1363.

[12] D Zwanziger, Phys. Rev. D 3 (1971) 880.

[13] In fact, let us consider a magnetic monopole at rest in the origin of a coordinate system (the electric charge distribution can be arbitrary). The field equation (6) will have the Coulomb solution ⃗Ã = 0

Ã^0 = g 4πr . Taking this solution in (2) we obtain

A^0 = A^0 ⃗A(⃗r) = ⃗A(⃗r) − g 8π ∫_{⃗r} P ⃗∇ ( 1 r^′ ) × d⃗r^′ .

If we take a different integration path P^′, the new vector potential ⃗A^′ will differ from ⃗A by ⃗A^′(⃗r) − ⃗A(⃗r) = g 8π ∮ P −P^′ ⃗∇ ( 1 r^′ ) × d⃗r^′ = g 8π ⃗∇Ω_0(⃗r) , where Ω_0(⃗r) is the solid angle formed by the contour P − P^′ in the origin. So, the two considered non-local potentials differ by the gradient of a scalar function. Using now the covariance and linearity of (2), (5) and (6) we see that the 4-potentials A^′_μ and A_μ differ by a gauge transformation in any frame of reference and whatever the distribution of charges and poles, as we wished to prove. This line of reasoning can also be applied to the dual non-local potential Ã_μ.

[14] A.S. Goldhaber, Phys. Rev. 140 (1965) B1407.